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Abstract: A modication of Kaluza-Klein theory is proposed which is general
enough to admit an arbitrary nite noncommutative internal geometry. It is shown
that the existence of a non-trival extension to the total geometry of a linear connec-
tion on space-time places severe restrictions on the structure of the noncommutative
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1 Introduction
Immediately after the introduction of a noncommutative extension of space-time to
unify Higgs scalars with Yang-Mills gauge elds (Dubois-Violette et al. 1989a) it
was recognized that the resulting geometry could be interpreted as a modication of
Kaluza-Klein theory (Dubois-Violette et al. 1989b). For later developments we refer
for example to Madore (1990), Chamseddine et al. (1993) and Madore & Mourad
(1993). Our purpose here is to present a formalism suciently general to describe any
nite noncommutative extension of space-time and to discuss the type of restrictions
which it is necessary to place on the internal dierential calculus for there to exist
non-trivial extensions to the total geometry of a linear connection on space-time.
After a preliminary description of the commutative case to x the notation,
we give in Section 2 the general denition of what we mean by a noncommutative
extension of space-time. In Section 3 we show that this is essentially a reformulation
of a previous denition (Madore 1990, Madore & Mourad 1993) in a more general
context. As a dierent explicit example of a noncommutative geometry we recall
briey in Section 4 the linear connection which has been recently added (Madore et
al. 1994) to the dierential calculus which Connes & Lott (1990, 1991) have proposed
to describe the Higgs sector of the Standard Model. We use this calculus to give in
Section 5 an example of a Kaluza-Klein extension which is necessarily trivial, without
Yang-Mills potentials or scalar elds.
We refer to Bailin & Love (1987) for an introduction to standard Kaluza-Klein
theory and, for example, to Madore & Mourad (1993) for a motivation of the gen-
eralization to noncommutative geometry. The original Kaluza-Klein construction
involves geometric structures on a group G, on a space-time manifold V and on a
principal bundle P over V . We shall distinguish the structure of the bundle by a
tilde and, when necessary, that of the manifold by a subscript V .
It is to be stressed that we are here concerned with a generalization of Kaluza-
Klein theory to noncommutative geometry and not with the denition of a non-
commutative version of a principal bundle. Also, as was pointed out in the previous
publications, our denition of a linear connection makes essential use of the bimodule
structure of the space of 1-forms. This accounts for the dierence of our conclusions
from those of authors (Chamseddine et al. 1993, Sitarz 1994, Klimc

ik et al. 1994,
Landi et al. 1994,) who dene a linear connection using the classical (Koszul 1960)
formula for a covariant derivative on an arbitrary left (or right) module. A more
detailed comparison of the two approaches is given in Sitarz (1995). We have for-
mulated our results where necessary directly in terms of covariant derivatives on
the bimodule structure. In noncommutative geometry connection forms cannot be
dened in general.
Let V be a dierential manifold and let (


(V ); d) be the ordinary dierential
calculus on V . A linear connection on V can be dened as a connection on the
















which satises the left Leibniz rule
D(f) = df 
  + fD (1:2)
2
for arbitrary f 2 C(V ) and  2 

1
(V ). Let 














































. We shall assume that the torsion vanishes:
D = d: (1:5)









(V ) into itself dened by the per-


















































It is symmetric if
g = g: (1:8)
We shall assume that the connection is metric compatible:
(1
 g)D( 
 ) = dg( 
 ): (1:9)




































is a consequence of the identity




(V ) has a natural structure as a right C(V )-module and the right
Leibniz rule is determined using the fact that C(V ) is a commutative algebra:
D(f) = D(f): (1:13)
3
Using  this can also be written in a form
D(f) = ( 
 df) + (D)f: (1:14)




; d) designate a general dierential calculus. It was suggested by
Dubois-Violette & Michor (1994) and by Mourad (1994) that an essential ingredient
in the denition of a linear connection over 
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It can be shown that  is bilinear and in some examples which have been considered
it can also be shown that  is essentially unique (Dubois-Violette et al. 1994, Madore
et al. 1994). In general 
2
6= 1 but if one supposes that  satises the Hecke relation
then one can dene the exterior algebra and the symmetric algebra as subalgebras
of the tensor algebra.

















which satises the Leibniz rules (1.2) and (1.14) but with  given by (1.15). The
condition that the linear connection be torsion-free is given as before by (1.5). A




















It is symmetric if (1.8) is satised. The covariant derivative is metric compatible if




Consider the commutative Kaluza-Klein construction. Suppose that P is a gen-













be the components of a



















































































) = 0 (1:20)


















Our purpose is to reformulate the Kaluza-Klein construction in sucient gen-
erality that the group manifold can be replaced by an arbitrary noncommutative




by 1-forms  in some noncom-
mutative dierential calculus. A Yang-Mills potential will be a 1-form on space-time
with values in the algebra which describes the noncommutative geometry. In a typi-
cal application the anti-hermitian elements of this algebra can be identied with the
Lie algebra of a subgroup of a general linear group.
4
2 The general theory






























d which coincides with d on 


(V ). In the previous section i was
given by i = p







). We shall here only consider
























could be, for example, the algebra of automorphisms of a trivial
vector bundle over V . The algebra 

0














can be identied with the algebra of
functions on two copies of V .



















































































This is the most general possible formulation of the bosonic part of the Kaluza-Klein




























is the horizontal com-















































. Because of the Ansatz (2.3) such a complement
















The horizontal component of the 1-forms can be expected to have a more general






















). Then it follows from the






















which is part of
the denition of
~

































































Using the decomposition (2.6) one sees that the covariant derivative (2.5) takes





















































































































































































































































































































































We shall impose the condition that the connections be metric and without tor-
sion although these might be considered rather articial conditions on the vertical
























































which satises also (1.9). From the decomposition (2.12) one sees that ~g will be








































In general it is to be expected that if the connection is metric and without torsion,




































To maintain contact with the commutative construction of the previous section we








is a metric on V .
A classical fermionic eld associated to a dierential calculus (
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-module H and its dynamics are governed by a Dirac operator
/
D which is a








































In this section we shall mention an example with a noncommutative internal structure
which leads to a non-trivial Kaluza-Klein extension. It is based (Madore & Mourad
1993) on the algebra of n  n matrices with a dierential calculus derived from
derivations. A basis e
a
of the derivations of M
n
is provided by n
2
  1 independent










; f ]; f 2M
n
: (3:1)
The set of 1-forms, 

1
, is a M
n
































structure constants with respect to the basis 
a
. We shall



















































































































































































is a torsion-free connection 1-form on V .













elements of the algebra, the g
ij










imposes that the g
ij





A non-degenerate metric is characterized by an invertible g
ij
.


















This condition together with the vanishing-torsion condition determines the linear















































in the inverse of g
ij
. Note that since the g
ij













was used in the topologically more complicated situation considered in Section 1.
The dierence between the present calculations and the previous (Madore &
Mourad 1993) is that we have here considered the most general connection and metric
on the tensor product algebra and have shown that our postulates on the covariant
derivative and the metric lead necessarily to components in the basis 
i
which are
functions of V alone. Also, in the previous calculations the metric was considered







. Had we used this denition here the fact that the g
ij
are




4 The Connes-Lott geometry
As an example we consider the dierential calculus which has been proposed by
Connes & Lott (1990, 1991) to describe the Higgs sector of the Standard Model. As




we must suppose the existence of a bilinear map (1.15) to replace the usual symmetry
operation which is used to dene dierential forms. In the example we consider here

2
= 1 if and only if the unique connection is metric compatible.
The Connes-Lott geometry is based on a dierential calculus over an algebra of









d by the formula
^
df =  [; f ]; (4:1)
where  is an arbitrary anti-hermitian odd element and the commutator is taken as































) are the even (odd) elements of M
n







for some integer l. The elements of M
+
n
are diagonal with respect




It is possible to construct over M
+
n














































































using once again (4.1). Every element of 

1
can be written as a sum of elements



























then we see that in general d
2
does not vanish. To remedy this problem we eliminate
































and we have a well dened map (4.4) with d
2
= 0. This procedure
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for large values of p. In fact if 
2




= 0 and the sequence dened









) for p even (odd) and so it stabilizes
for large p.
























Without loss of generality we can choose the euclidean 2-vector 
1i
of unit length.






























= 0 for p  3. Let e be the unit of M
1








To form a basis for 

1
we must introduce a second matrix 
2
. It is convenient
to choose it of the same form as 
1

















































u = 0; 
1
u = 0: (4:12)











































; () =  : (4:14)










given by e 7! (e) = . If  = 1 we can
write  = 1  2.
Let  be a general element of 

1
. The unique covariant derivative (Madore et
al. 1994) is given by
D = ( 
 )    
 : (4:15)
If
 = 1 (4:16)








g() =  e; (4:17)
where the right-hand sides are considered as elements of M
+
3
. We have put the single
overall scale factor equal to one. If  = 1 then it is possible to extend the denition










With this denition the covariant derivative (4.15)) is real and the metric (4.17) is
real on 
ij
and imaginary on .
The 1-form  is a basis for 

1
as a bimodule and so one can think of the geometry









We can use the example of the preceding section to construct a geometry which does
not possess a non-trivial linear connection in the sense of Kaluza and Klein. In the
























































can be considered as a set of 4 scalar elds. From (2.9) we see that

























 ) = ( 
 ) given by (4.14) with  = 1.
Consider the unit e dened in Section 3 and set  = 1   2e. Then 
2
= 1 and






) (anti-)commute with . It is easy to see that
Z
000





The most general covariant derivative
~








































































The notation has been chosen here to mimic that of (1.18).
If one takes the covariant derivative of the identity
 +  = 0 (5:5)





D) + 4 = 0; (5:6)
from which it follows that
f = 2; F = 0: (5:7)
The identity (5.5) is satised by any element of M
 
3
. To within a factor which
lies in Z
000
, the 1-form  can be characterized by equations of the form
u = 0; u

= 0;
where u 2 M
+
3
. Equations of this sort would be impossible in a commutative geome-
try since  generates 

1
. If one takes their covariant derivative one sees that   must
be of the form
  = A 
  +  
B;
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From the general discussion of Section 2 the extension ~g of the metric is deter-


















The metric ~g is given then by the metric g
0
on V with values in Z
000
and the metric
(4.17) with a possible function on V as extra overall scale factor.
The condition (1.9) that the extended connection be compatible with the ex-







(V ); A = 0: (5:11)




on V and the metric (4.17) with no extra
scalar eld.
6 Conclusions
We have proposed a general noncommutative extension of Kaluza-Klein theory and
we have discussed the type of restrictions which must be placed on the supplemen-
tary structure to render possible a non-trivial extension of a linear connection. Most
important of these is the existence of 1-forms which commute with the algebra. In
the formulation of Kaluza-Klein theory using a dierential calculus based on deriva-
tions this condition is satised. We have presented an example where it is not. In
situations where the imbedding (2.1) cannot be reduced to the product (2.2) and
which would be the noncommutative analogue of non-trivial principle bundles over
V then the decomposition (2.6) is no longer possible. The conclusions of Section 5
remain however valid since they are local in V .
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